Periodic solution of Jacobi elliptic equations by He’s perturbation method  by Cai, Xu-Chu & Li, Meng-Su
Computers and Mathematics with Applications 54 (2007) 1210–1212
www.elsevier.com/locate/camwa
Periodic solution of Jacobi elliptic equations by He’s perturbation
method
Xu-Chu Caia,∗, Meng-Su Lib,c
aCollege of Science, Donghua University, Shanghai 200051, China
bCollege of Mechanical Engineering, Donghua University, Shanghai 200051, China
c Shanghai Oriental Pearl (Group) Co., Ltd., Shanghai, 200120, China
Received 28 September 2006; accepted 20 December 2006
Abstract
He’s perturbation method is applied to the search for periodic solutions of Jacobi elliptic equations, which are widely studied in
connection with nonlinear wave equations.
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1. Introduction
Periodic waves play an important role in the study of nonlinear physical phenomena, for example, the wave
phenomena observed in fluid dynamics [1], dusty plasmas [2], nerve cells [3]. Recently, a number of methods
for finding periodic solutions of nonlinear partial differential equations have been presented, such as the Adomian
method [4], the tanh function method [5,6], the Jacobi elliptic function expansion method [7], the variational
iteration method [8–11] the homotopy perturbation method [12–16] etc. In this paper we will apply He’s perturbation
method [17,18] in the search for approximate periodic solutions of Jacobi elliptic equations.
2. He’s perturbation method
Consider the Jacobi elliptic equation
u′2 = a + bu2 + cu4 (1)
where a, b, c are constants. Such equations are widely studied in connection with nonlinear wave equations [19,20].
Differentiating Eq. (1) with respect to t , we have
2u′u′′ = 2buu′ + 4cu3u′, (2)
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or simplifying,
u′′ − bu − 2cu3 = 0. (3)
In order to apply He’s perturbation method [17], we introduce a bookkeeping parameter p and expand the solution
in the form
u = u0 + pu1 + p2u2 + · · · . (4)
In the parlance of the parameter expansion technique [21,22] in He’s perturbation method, we expand the
parameters, −b and c, in the forms
−b = ω2 + pω1 + p2ω2 + · · · . (5)
c = pc1 + p2c2 + · · · (6)
where ω2, ωi and ci are unknown constants to be further determined.
Substituting Eqs. (5) and (6) into Eq. (3), and equating the terms with identical powers of p, we can obtain a series
of linear equations, and we write only the first two linear equations:
u′′0 + ω2u0 = 0, (7)
u′′1 + ω2u1 + ω1u0 − 2c1u30 = 0. (8)
The general solution of Eq. (7) is
u0(t) = a sin(ωt + θ), (9)
where a and θ are constant.
Substituting u0 into Eq. (8), we obtain a differential equation for u1:
u′′1 + ω2u1 + ω1a sin(ωt + θ)− 2c1a3 sin3(ωt + θ) = 0, (10)
or
u′′1 + ω2u1 + a
(
ω1 − 32c1a
2
)
sin(ωt + θ)+ 1
2
c1a3 sin 3(ωt + θ) = 0. (11)
No secular terms in u1 requires that
ω1 = 32c1a
2. (12)
The solution of (11) is
u1 = 116ω2 c1a
3 sin 3(ωt + θ). (13)
We obtain, therefore, the first-order approximate solution by setting p = 1:
u = u0 + u1 = a sin(ωt + θ)+ 116ω2 c1a
3 sin 3(ωt + θ), (14)
and
−b = ω2 + 3
2
c1a2, c = c1 (15)
or
ω2 = −
(
b + 3
2
ca2
)
. (16)
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In the case where the following inequality holds:
b + 3
2
ca2 < 0, (17)
the Jacobi elliptic equation has a periodic solution; its frequency can be written in the form
ω =
√
−
(
b + 3
2
ca2
)
. (18)
3. Conclusion
To conclude, we suggest using a very simple method called He’s perturbation method to obtain an approximate
periodic solution of a nonlinear Jacobi elliptic equation; it can be readily applied to other nonlinear problems.
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